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A system of differential equations is proposed for the description of 
unsteady heat conduction ~n disperse systems. A solution is derived for 

boundary conditions of the 1st, 2rid, and 3rd kind. 

I t  is well  known that  in the theory of heat  conduction 
and heat  t r a n s f e r  in d i s p e r s e  sys tems ,  in addit ion to 
the di f ferent  model  r e p r e s e n t a t i o n s  that take account  
of the d i spe r s ion  of the med ium [1, 2], t he re  is  a t e n -  
dency to use  the ideas and the ma themat i ca l  appara tus  
of the theory  of s ing l e -phase  continua [3 -6] .  
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Fig .  1. T e m p e r a t u r e  of plate 
surface:  1) when cooled in 
a i r ;  2) when cooled in a bed 

(~" in sec).  

The f i r s t  route  has led to a s e r i e s  of s impl i f ied  
re l a t ions  which p e r m i t  a qual i ta t ive  e s t ima te  of heat  
t r ans fe r ,  while the second is  a lso used to obtain design 
r e l a t i ons .  

Harakas  and Beatty [7] .have shown that in the region  
f rom steady heat t r a n s f e r  up to a ce r t a in  value FOmi n 
(which has been de te rmined  only in isola ted cases) ,  
the use  of the heat conduction d i f ferent ia l  equation for 
a cont inuum gives r e s u l t s  in ag r eemen t  with exper i -  
menta l  data.  

Fo r  values  of Fo < Fomi  n, the deviat ion between 
exper imen ta l  data and theory becomes  l a rge r  as Fo  
d imin i she s .  To obtain ag r eemen t  between expe r imen ta l  
and theore t ica l  data when r-?-0, use  was made of the 
idea proposed e a r l i e r  in [1] that there  exis ts  a gas 
sub layer  between the heat  t r a n s f e r  su r face  and the 
f i r s t  row of par t i c les ,  the t he rma l  r e s i s t a n c e  of the 
sub layer  being a s sumed  to be approximate ly  indepen-  
dent of t ime .  Then the heat  flux at any t ime  is d e t e r -  
mined by the sum of the t h e r m a l  r e s i s t ances :  

R~ : :  Ro.~ H- R~. 

In the d i f ferent ia l  equation of heat conduction for a 
cont inuum the value of t he rma l  conductivi ty used is 

that m e a s u r e d  under  steady condit ions (keff). When 
r ~  0 R(r) tends to zero  for the cont inuum for this  
choice of the value of R(k) we may secu re  a g r eemen t  
between the expe r imen ta l  and theore t ica l  heat  flux va l -  
ues by choice of the th ickness  6 of the gas sub laye r .  
By the use  of this kind of a r t i f i c ia l  means  we may 
achieve some  m e a s u r e  of a g r e e m e n t  between exper i -  
men t  and theory,  but phys ica l ly  this  method is  poorly 
based.  I t  is  difficult  to answer  a n u m b e r  of quest ions ,  
namely:  why is it only the f i r s t  row of pa r t i c l e s  that  
is  al lot ted the t h e r m a l  r e s i s t a n c e  R ( D ,  why is i t  con-  
s ide red  that the t h e r m a l  r e s i s t a n c e  of the sub laye r  is  
steady, and whether there  is not a cons ide rab le  d i s -  
crepancy,  neve r the le s s ,  between theory and exper i -  
ment  when we attempt,  by this a r b i t r a r y  means ,  to 
secu re  a g r e e me n t  at a ce r t a in  ~- between expe r imen ta l  
data and theory  by choice of some 6, and so on. 

The r e  has been an a t tempt  to a l lot  a l l  the pa r t i c l e s  
in the layer  to the t he r ma l  r e s i s t a n c e  [4], but then the 
approximate  heat t r a n s f e r  model is i l l u s t r a t ed  by an 
approximate  solut ion of the sys t em of equations,  as 
a r e s u l t  of which the re l i ab i l i ty  of the r e l a t i ons  ob- 
ta ined is insuf f ic ien t  for a complete  qual i ta t ive  and 
quant i ta t ive  ana lys i s .  

~Qx ~ dqx§ 

Rph 

dqx§ 

Fig.  2. Model of the volume e lemen t  
for a d i s p e r s e  sys tem.  

F i g u r e  1 shows r e s u l t s  of m e a s u r e m e n t  of cooling 
ra te  of a copper  plate m e a s u r i n g  100 x 45 x 1 m m  in a 
bed of 3 - ram pa r t i c l e s  of lead g lass  and in a i r ;  the 
r e s u l t s  show that, in con t r a s t  with the case  for a con-  
t inuum, the heat  t r a n s f e r  coeff icient  de pe nds  on t ime,  
and, consequent ly,  Ne~r law of cooling cannot  be 
applied to the d i s p e r s e  medium as a whole. The d i v e r -  
gence of the tes t  data f rom theory at sma l l  Fo [7] a lso 
does not p e r m i t  the F o u r i e r  law to be applied to a 
d i s p e r s e  medium.  However, s ince  both the F o u r i e r  
law and Newton 's  law undoubtedly a re  val id for each 
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of the "continua" individually,  we shall use  them for 

derivation of the differential equations of heat con- 

duction of the system. 

We shall examine two volume elements (Fig. 2), 

separated by an unknown thermal resistance. For each 

volume element, in the condition Rph ~oo, for a one- 

dimensional problem, the relations 

Ot, _ a 0% (1) 
~ Ox-~, 

or., O~L 
o = 0% 2 (z) 

are  val id.  
In the case  when a, and aa a re  equal, t, = t~, and for 

any Rph the sys t em may be rega rded  as a homogeneous 
cont inuum. In al l  other cases  it should be supposed 
that the component  volume e lement  has two t e m p e r a -  
t u r e s  (h and t~). In this ease we may wri te  

Ot~ a O"-t~ 
0~-~ = 10X---~ + ~ !  ( t2  - -  /1) '  ( 3 )  

Ot~ O"-t_A_. - 
O~ = a., O :  - -  ~'- (t~. - -  :3. i4) 

It  is then a s sumed  that heat  t r a n s f e r  between phases  
follows Newton 's  law (/~n =aS/ (eAn) ,  an assumpt ion  
that p laces  a r e s t r i c t i o n  on Eqs. (3) and (4), but this 
r e s t r i c t i o n  wil l  evidently not be apprec iab le  when we 
a r e  cons ide r ing  finely d i spe r sed  sy s t ems .  Thus,  for 
heat conduction in a bed, the mutual  inf luence of the 
phases  man i f e s t s  i t se l f  in the fact that  the m e d i u m  
with the s m a l l e r  t h e r m a l  diffusivi ty slows down the 
development  of the t e m p e r a t u r e  field of the med ium 
with the l a r g e r  dif fusivi ty ,  the degree  of in t e rac t ion  of 
the media  be ing  de t e rmined  by the difference in the dif- 
fus iv i t ies  of the media  and by the in tens i ty  of heat  
t r a n s f e r  between the phases .  Thus, for example,  if 
the d i ame te r  of the pa r t i c l e s  of the d i s p e r s e  phase of 
the m a t e r i a l  is very  smal l ,  the link between the t e m -  
"perature fields is large,  so that in the l imi t  when d 
-~"0, (~S -* ~o and At = (t 2 -  t~) ~ 0  the d i s p e r s e  mate -  
r i a l  may be cons idered  cont inuous.  With i n c r e a s e  of 
pa r t i c le  d i ame te r  and  i n c r e a s e  in the d i f ference  of the 
diffusivity of the phases,  on the other hand, At in -  
c r eases ,  which allows the use of Eqs.  (3) and (4) to 
de sc r ibe  the heat  conduction in a d i spe r se  sys tem,  
with good jus t i f ica t ion .  

A solut ion is given below of the sys t em of d i f fe ren-  
t ial  Eqs.  (3) and (4) with the following ini t ia l  and 
boundary condit ions:  

tll ,=o= t.~/,=0 = to, (5) 

-~x + Bata -1- C, = 0, (6) 
x=0 

OL ) 
A~-~x + B~.t~ + C~ x=o= 0, (7) 

/d~=~ = t~l.=~ = to. (8) 

We shall  seek a solution in the form of the sum of the 
steady and unstea(1.v solut ions,  i . e - ,  

t~(x, "0 ~ i x )  q-v~(x, ~), (9) 

t~(x..) =u (x) + v2(x. -,:). ( 1 o) 

A s s u m i n g  in Eqs.  (6) and (7) that A l = A  2= 0, B l=  B 2= 
= 1, C1 = C2 = - t w ,  and applying a f inite F o u r i e r  s ine  
t r a n s f o r m a t i o n  with r e spe c t  to x and a Laplace  t r a n s -  
format ion  with r e spe c t  to r to Eqs.  (3) and (4) in 
success ion ,  we obtain the following expres s ions  for 
the t e m p e r a t u r e  field in the gas and solid phases:  

h (x, ~) = tox 4- tw (R - -  x) 
R 
, 

+ R ~=l~. (P2--P1) X 

X [(Dn "-[- Re)exp (P, ~) - -  

- -  (D. + P~) exp (P, ~)] sin ( ~  x), (11) 

t,~ ix, ~) = t0x + tw (R - - x )  + 
R 

+ R n=ll (P~--P1) 
X 

[ Dn -]-Pz • oxp r  

D= + P1 exp (P,x) ]sin (lanx), (12) 
A~ (2) + Pl J 

where Pn a re  the roots  of the c h a r a c t e r i s t i c  equation 

sin i~= R) = 0 (13) 

and 

: 2 B 2 ' pj = - -  B .  + I/ B,z--dC,~ p~ = - -  n - -  ]/'B.--dC,~ 

2 2 

Bn "= An(l) -}- A.(a  , A.O) = a* l~  + [~, A~(2) ----%1~ + [~, 

C. = A.o)  �9 A.(2)- - [~ . [}~ ,  D .  = A.(~ 4- [}1. 

For  the case  a I = 0 and to :: 0 the problem is s impl i f ied  
cons ide rab ly .  A detai led solut ion for this  case  has been 

given in [8]. 
In a s i m i l a r  way we shall  obtain a solut ion of the 

sys tem (3) and (-i) for boundary condi t ions  of the s ec -  

ond kind, by putting A 1 = X 1, A2= X 2, BI = S2= 0, C 1 = 
= ql, C2= q2 and applying success ive ly  a F o u r i e r  co-  
s ine  t r a n s f o r m a t i o n  with r e spec t  to x and a I .aplaee 
t r a n s f o r m a t i o n  with r e spec t  to r, i . e . ,  

ql 2ql ~ 1 
t ,  ix,  = to + (R - -  x) - -  • 

• l ( P 2 + C n ) e x p ( P = ~ ) - - ( P l + C . ) e x p I P l x ) l e o s ( i , . x ) ,  (14) 

t~ ix, ~) = to + (R - -  x) - -  ) x~ ~ (P2 - -  P , )  
n ~ l  

[P~q-Cn exp iP~)  Pt-'bCn exp(px,)]cos(~tnx) ' (15) 
X [-P~ + Dn Pt + D----~ 

w h e r e  /z n a r e  t h e  r o o t s  of the c h a r a c t e r i s t i c  e q u a t i o n  

cos ( I ~ R )  = 0 (16) 
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and 

P I = - - A ~ + V A ~ - - 4 B ~  , 
2 

p . = - - A , - - V A ~ - - 4 B ,  , 

2 

A. = (a~ Ix~ + I~,) + (a,, ~ + IL.), 

B. = (a~ ~ + IS~) (a,_ ~] + P2) - -  P&~, 

C~=a~Ix;~+[3j+[g~, ~ D~=a2Ix~+~o_.2 

To so lve  the  p r o b l e m  with b o u n d a r y  cond i t i ons  of the  
3 rd  kind,  we m u s t  pu t  A1 = B1 = 0; A 2 = 1; 

B~  a C~= a - ),~ - ~ lrn 

in Eqs .  (6) and (7). 
C a r r y i n g  out  the  a p p r o p r i a t e  i n t e g r a l  t r a n s f o r m a -  

t ions ,  as  above,  we ob ta in  the so lu t ion  in  the f o r m  

r 

tl(x, x ) = t m ~  t ~  E - -  a (/11 - - / r n  ) 

X fix" cos p,, x + (a/L.,) sin IX, x] 1 3 ~  x 
[a/k, + (~;; + a~,,x9 RI p.. - -  p ,  

[P~. + [~, + 13~ exp (P., ~) - -  
x P ~ +  lh " 

P, + 13~ + I~.., exp (P~ ~) ] ,  (17) 
Pi + [31 J 

or 

tr (X, T) = lm-]- l~ - -  lm + a x) + 2 ~-~ a (lo - -  Ira) ,,,, 
L~ + a R (k.., i ,a k2 g. A 

n I 

X I ~  cos IX. x 4- (a/k,.,) sin Ix, xl [ P: + [g, + 13: exp (P., T) - -  
l~:x~. ~ (~/, 4. a2/k'-'.,) RI p., _ p,  

P,-1-!g: 4- [30 exp(P,x)]  (18) 
~.-. ~ Pi J 

w h e r e  Pn a r e  the  r o o t s  of the  c h a r a c t e r i s t i c  equa t ion  

~. cos (9~ R) + - -  sin (ixn R) = 0, (19) 

and 

Pj = 
/ /  ,~ 

- -  A , ,  + A;,  - -  4 B , ,  p . ,  = - -  A , ,  - -  ]"  A ~  - -  4 B , ,  

2 2 

A~ = a, Ix;~ ! p, ~ ~ .  B,, = a~ Ix;~ ~,. 

NOTATION 

R K is the  to ta l  t h e r m a l  r e s i s t a n c e  of bed;  R(X ) is  
the  t h e r m a l  r e s i s t a n c e  of gas  s u b l a y e r  be tween  f i r s t  
row of p a r t i c l e s  and hea t  t r a n s f e r  su r f ace ,  th i s  r e s i s -  
t a n c e  be ing  i ndependen t  of t ime ;  R ( r  ) i s  the t h e r m a l  
r e s i s t a n c e  of bed;  Rph is  the t h e r m a l  r e s i s t a n c e  to 
hea t  t r a n s f e r  be tween  phase s ;  Xeff is  the e f fec t ive  
t h e r m a l  conduc t iv i ty  of bed;  6 is  the t h i c k n e s s  of g a s -  
eous  s u b l a y e r ;  S is the  s u r f a c e  a r e a  of p a r t i c l e s  in 
un i t  vo lum e ;  oz is  the coe f f i c i en t  of heat  t r a n s f e r  be -  
tween  p a r t i c l e s  and gas ;  oq is  the coe f f i c i en t  of hea t  
t r a n s f e r  be tween  bed and m e d i u m ;  d is  the d i a m e t e r  
of p a r t i c l e s ;  R is the i n t e r v a l  length;  h is  the t e m -  
p e r a t u r e  of so l id ;  t 2 is the t e m p e r a t u r e  of gas ;  to is  
the  i n i t i a l  t e m p e r a t u r e  of bed;  t w is  the wal l  t e m p e r a -  
t u r e  (at  the  b o u n d a r y  x = 0) ; tm  is the t e m p e r a t u r e  of 
m e d i u m ;  ~ is  the  e x c e s s  t e m p e r a t u r e  of p la te  s u r f a c e ;  
k~ is  the  t h e r m a l  conduc t iv i ty  of bed; X2 is the  t h e r m a l  
conduc t iv i ty  of m e d i m n ;  w is the t i m e .  
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